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Abstract
Magnetically-broadened hydrogenic line proles are used, in conjunction with a
non-local thermodynamic equilibrium (NLTE) code, to model an optically thick
phenomenon in the Alcator C-Mod tokamak fusion experiment. The line proles,
including magnetic eld eects as well as Doppler and Stark broadening, have been
calculated using Beline and are used in Cretin, a multi-dimensional NLTE radiation
transfer code, to study the influence of a magnetic eld on emergent spectrum.
A midplane Alcator C-Mod MARFE (Multifaceted Axisymmetric Radiation From
the Edge), in which the magnetic eld strength was changed dynamically from
5:4T down to 2:7T, is simulated and compared with experimental data. Assuming
hydrodynamic and radiative equilibrium, MARFE simulations are performed in one-
dimension with xed plasma density and temperature proles. Magnetic broadening
eects on the brightness of optically thick Lyman series lines are quantied.
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1 Introduction
In order to design tokamak divertors, and hence optimize power handling,
radiation transport must be considered. Experiments studying edge plasma
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recombination on the Alcator C-Mod tokamak have shown that several Ly-
man series hydrogenic lines are optically thick.[1] Since the flow of radiation
energy in these plasmas is dominated by line radiation, accurate line prole
calculations are important to tokamak divertor design. This paper investi-
gates the application of magnetically-broadened hydrogenic line proles to
the computational modeling of radiation emerging from the magnetic fusion
experiment (MFE) Alcator C-Mod.
Although theoretical details of magnetically-broadened hydrogenic line proles
have been published elsewhere [2,3], it is advantageous to review the salient
ingredients of the present model to both assist in our understanding of the
spectroscopic applications and motivate future improvements. The code Be-
line [3] calculates line proles including magnetic eld eects, as well as Stark
and Doppler broadening. The line proles exhibit the quantum mechanical
energy levels of a hydrogenic atom in the combined presence of an external
magnetic eld and internal ion electric plasma microeld. Broadening of al-
lowed transitions between bound states is calculated assuming a Maxwellian
velocity distribution of emitters, and using various binary electron collision
models. Each of these theoretical elements is directly observable and may be
exploited to obtain useful plasma diagnostic information, provided the region
of line radiation emission is localized in position space and the emitted photons
have a low probability of scattering. These conditions are not always satised
and a more general analysis of line radiation features for diagnostic purposes,
especially those pertaining to the magnetic eld, is needed.
The Balmer lines in Alcator C-Mod are optically thin. For a spatially local-
ized radiation phenomenon, such as a MARFE (Multifaceted Axisymmetric
Radiation From the Edge) [4], spectroscopic analysis of Balmer radiation pro-
vides a simple diagnostic for the emission region. We refer to this as a \local"
analysis to signify that only properties of a localized region of the plasma are
involved.
Local line prole analysis is a useful diagnostic tool, but it is not valid for op-
tically thick lines or emission regions with large gradients. Furthermore, this
analysis does not provide useful information regarding the flow of radiation
energy. In Alcator C-Mod several of the Lyman lines are optically thick, and
the full plasma system must be considered to determine plasma properties.
To model the experimental spectral measurements of the Lyman series, we
perform numerical calculations that self-consistently solve the full atomic ki-
netics and radiation transfer equations using appropriate line proles in the
code Cretin.[5,6] Since these simulations account for photon coupling through-
out the system, we label this latter analysis \global".
The remainder of the paper will expand on the topics presented in this section.
Section 2 describes the theoretical elements of line broadening in more detail;
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Section 3 examines the local analysis, including illustrating the behavior of
the line proles with respect to variation of the plasma properties and an
application to an Alcator C-Mod experiment; Section 4 examines the global
analysis, including an illustration of line emission from a slab and further
comparison with Alcator C-Mod MARFE data; while Section 5 motivates
future research into magnetically-broadened line prole calculations.
2 Theory
As a prelude to the application of magnetically-broadened line proles we
briefly present the theoretical elements of the line prole code Beline and dis-
cuss their validity. The relevant features of Beline are the inclusion of the
eects of an external magnetic eld of order to 1T-104T and the assumption
of hydrogenic emitters. While applications to tokamak fusion experiments are
presented, these line proles are also valid for other types of magnetized plas-
mas, such as stellarator plasmas and a few percent of the main sequence stars
around spectral type B. This section will begin by discussing the approxi-
mations and assumptions used in Beline, highlighting aspects related to the
external magnetic eld, and will continue by outlining the theoretical compo-
nents of the line prole.
2.1 Validity of Beline Approximations
Three independent approximations, related to the presence of an external mag-
netic eld, are used in Beline: (1) charged particles follow linear trajectories
in the neighborhood of a radiating atom, referred to as the straight line path
(SLP) approximation, (2) the Lorentz electric eld (LEF) is negligible; and,
(3) the emitter ne structure (FS) is negligible.[7] Provided the Debye length
(D) is less than the Larmor radius (rL), the perturbing charged particle will
be well-described by a linear, rather than hyperbolic, trajectory as it passes
by the radiating atom. For ions this condition is given by B < 194
p
ni;20,
where n20 indicates that the value is in units of 10
20m−3 and B is given in
units of Tesla; for electrons this condition is given by B < 4:54
p
ne;20. Since
number densities are of order 1020m−3 and B  6T in Alcator C-Mod, this
approximation is strongly satised for ions but is marginal for electrons. So
long as the LEF ( ~Fm  ~v  ~B) is less than the quasi-static ion microeld
(F0  n2=3i ) it may be neglected. Finally, as long as rst order Zeeman eect
is greater than the emitter FS, the latter may be neglected (BB > mc
24).
Beline also treats ions in the quasi-static approximation and electrons by the
impact approximation. The quasi-static ion approximation is valid provided
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Fig. 1. Line Prole Geometry. This gure displays the x0y0z0 geometry used to
calculate emitter energy levels and the xyz geometry used to calculate relative
intensity in the dipole approximation. Also shown in this gure is the angle ()
between external magnetic eld ( ~B) and emission direction (~k).
the full-width half-maximum (FWHM) of the normalized line prole in fre-
quency space, !1=2, is greater than the ion plasma frequency (!pi). The
impact electron approximation will be valid provided !1=2 is less than the
electron plasma frequency (!pe). In the presence of a magnetic eld these
limits correspond to the case where ~kk ~B (see Fig. 1). When ~k? ~B the cold
plasma dispersion relation for electrons goes to the upper hybrid (UH) reso-
nance frequency (!UH) and for ions goes to the lower hybrid (LH) resonance
frequency (!LH). Since !UH > !pe the former would increase the region of
electron impact validity, while since !LH > !pi the latter would decrease the
region of static ion validity. This might encourage the use of an ion impact
model, however Mathys has shown that a magnetic eld lessens the discrepan-
cies between static and impact proles.[8] Ion impact broadening is important
near line center, and in magnetically-broadened line proles this eect tends
to be obscured by Zeeman splitting.
2.2 Line Prole Components
For a given n ! n transition the total emission line prole is obtained by
summing over component proles and taking the average over microeld mag-
nitude and direction. This may be written in general as:
nn(!) =
1
4
Z
P (F )
X

G(~F )(!; ~F )d~F ; (1)
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where P (F ) is the quasi-static ion electric microeld distribution function, G
is the relative intensity of a  !  component in the dipole approximation
and  is the prole of a  !  component due to the influence of pressure
broadening. Energy levels of a hydrogenic atom in both crossed electric (~F )
and magnetic elds ( ~B) are determined from rst-order perturbation theory.[9]
To elaborate on the terms above, for unpolarized radiation:
G =
!nn
n2fnn
X
=1;2
je^hj~rjij2 ; (2)
where !nn is the line center energy of the n ! n transition, fnn is the total
oscillator strength and e^ are the unit polarization vectors. e^1 is taken to be
perpendicular to the external magnetic eld ( ~B) and emission direction (~k)
plane, e^2 is perpendicular to the e^1-~k plane (see Fig. 1). Proles of  ! 
transitions take into account the Maxwellian behavior of emitters (Doppler)
and binary electron collisions:
 =
1p
D
Z
 (! − ! − s; ~F ) exp
(
−

s
D
2)
ds; (3)
where D = !nn
vth;a
c
is the Doppler broadening parameter and   is the elec-
tron prole. Various models can be used for the electron prole, including one
based on the Bethe-Born approximation for the interaction between radiating
atom and perturbing electron.
3 Local Analysis
Magnetically-broadened line proles calculated by Beline depend on the polar-
ization, magnetic eld (B), angle of emission () relative to the magnetic eld,
electron density (ne), electron temperature (Te) and atomic (emitter) tempera-
ture (Ta). A discussion of hydrogenic emission line prole behavior is presented
in the following subsection to motivate direct diagnostic applications. Com-
parisons between Beline line proles and high-resolution D measurements
from an Alcator C-Mod MARFE are made to illustrate a local analysis and
at the same time verify the magnetically-broadened line proles.
3.1 Behavior of Line Proles
When an isolated hydrogenic atom is placed in an external magnetic eld, it
will possess an axis of symmetry which is aligned with the magnetic eld. From
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Fig. 2. a) (upper left) Deuterium Ly Lorentz Triplet. Dotted line corresponds to
 = 0, dashed line to  = =4 and solid line to  = =2. Plasma conditions: B = 8T,
ne = 1015cm−3 and Te = Ta = 0:1eV. b) (upper right) Deuterium Ly line prole
shows several transitions and the ion electric eld influence on line strengths. Dotted
line corresponds to  = 0, dashed line to  = =4 and solid line to  = =2. Same
plasma conditions as (a). c) (lower left) Eect of increasing magnetic eld strength
on E for D. Solid line corresponds to B = 4T and dotted line to B = 8T. For
plasma conditions:  = =2, ne = 1015cm−3 and Te = Ta = 1eV. d) (lower right)
Eect of increasing electron density on the D line prole. Solid line corresponds
to ne = 50  1013cm−3, dashed line to ne = 100  1013cm−3 and dotted line to
ne = 150 1013cm−3. For plasma conditions:  = =2, B = 6T and Te = Ta = 1eV.
a classical viewpoint, light emitted parallel ( = 0) and perpendicular ( =
=2) to this axis of symmetry has properties dependent on polarization and
oscillation energy, as may be seen in Fig. 2(a). Photons emitted perpendicular
to the magnetic eld are linearly polarized and display what is known as
the Lorentz triplet, one central frequency (-component) and two frequencies
shifted up-down in energy (-components). Photons emitted parallel to the
magnetic eld are circularly polarized and show the absence of a -component.
This follows from classical electrodynamics; an oscillating particle does not
radiate along its line of oscillation.
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A closer examination of Fig. 2(a) reveals that the  = 0 line prole does have
a small -component. If we now consider the surrounding plasma, the ion mi-
croeld breaks the axial symmetry which existed for the isolated atom. For
an atom in two arbitrary external elds, the energy levels are not degenerate
and the line proles possess n2n2 components, where n and n are the up-
per and lower principle quantum number (PQN) of a transition, respectively.
Components beyond the Lorentz triplet are readily observable in Fig. 2(b).
For diagnostics it is interesting to study the line prole dependance on dierent
system properties. In Alcator C-Mod the diagnostic view is perpendicular to
the magnetic eld, so we restrict our study to  = =2. We further restrict our
study to the optically-thin Balmer lines. The relative intensities of - and -
components in Figs. 2(c) and (d) are characteristic of transitions with dierent
changes in PQN. Specically, if the change in PQN (n = n − n) is odd, as
in Fig. 2(c), the - and -component intensity are comparable; if n is even,
as in Fig. 2(d), the -component dominates.
The odd n D line presented in Fig. 2(c) shows two proles diering in mag-
netic eld strength (B) by a factor of 2. As B doubles, the dierence between
- and -component peaks (E) increases by nearly the same factor. In the
absence of the microeld, the Zeeman eect would give B = E=B, where
E is the measured energy dierence and B = 5:78838  10−5eV=T is the
Bohr magneton. The linear relationship between the line splitting and B is
modied by the ion electric microeld. For the 8T line prole in Fig. 2(c),
E = 4:9135  10−4eV and B = 8:489T, and the Zeeman formula overesti-
mates the true magnetic eld strength by several percent.
While there is no simple formula for determining magnetic eld strength from
measurements of the energy dierence between - and -components, the mag-
netic eld strength in the emission region may be determined by line prole
modeling. Given the local plasma temperature and density, Beline may be used
to nd the magnetic eld strength which matches the experimental E. On
Alcator C-Mod the plasma parameters are known (or measured) well enough
for this to be a viable magnetic eld strength diagnostic, as demonstrated in
the next subsection.
The even n D line presented in Fig. 2(d) shows three proles for dier-
ing electron densities, ne. Two noticeable eects on the line prole are the
broadening of the -component and the increase in E. The increase in E
with ne is loosely referred to as the linear Stark eect and competes with the
Zeeman eect in the D line proles. Use of the increase in FWHM with ne
is a standard diagnostic for high-density plasmas. Here, the line width is also
signicantly aected by Doppler broadening and line prole modeling, rather
than a simple analytic formula, must be used to determine electron density in
even n lines.
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Table 1
Time evolution of MARFE plasma properties.
Time [s] hEi [eV] hnei[cm−3] hTei [eV] B [T] R [cm]
0.45 4:3 10−4 0:95  1015 0.94 7.02 47
0.50 4:1 10−4 0:98  1015 0.97 6.73 47
0.55 3:9 10−4 0:88  1015 0.93 6.44 47
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Fig. 3. Comparison between Alcator C-Mod MARFE D theoretical (solid line) and
experimental (dotted line) line proles at time t = 0:5s. The theoretical curve has
not been instrumentally broadened.
3.2 Comparison with Experiment
To compare with experiment we perform a local analysis of D line radiation
and determine the magnetic eld strength in the emission region. The line pro-
le modeling requires knowledge of electron density and temperature, where
we assume Te  Ta;  is determined by experimental alignment. There exist
plasma diagnostics which measure ne and Te on Alcator C-Mod. We reduce
sensitivity to these quantities by considering an experiment where they are
held xed while the magnetic eld is varied in time. Such an experiment has
been performed on Alcator C-Mod through formation of a midplane MARFE
with ramping of the toroidal magnetic eld (B0) from 5:4T to 3:24T.
We discuss an Alcator C-Mod experiment where a MARFE formed near the
inner wall z = −12cm. The local analysis procedure is as follows. E is taken
from experiment, various diagnostic data is averaged to estimate ne and Te,
and thenB is varied until the calculated prole agrees with measured E. This
procedure was followed for three dierent times, and hence for three dierent
magnetic eld strengths, during the Alcator C-Mod MARFE experiment. Ta-
ble 1 summarizes the analysis and Fig. 3 shows a comparison between Beline
and the experimental D line proles at time t = 0:50s. Since the magnetic
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Fig. 4. Emission Coecient for Ly. Including magnetic eld eects (dotted line)
nearly doubles the FWHM; dashed line does not include magnetic eld eects.
eld geometry is well known in Alcator C-Mod, it varies as the inverse of the
major radius, once B is determined the emission location is also determined.
Calculation of the emission location shows a stationary MARFE, consistent
with CCD camera data.
There are discrepancies between the theoretical and experimental line proles
presented in Fig. 3. The experimental line prole shows a slight dierence
in the shift from line center to the red and blue -component peaks, while
the theoretical line prole is symmetric about line center. The theoretical line
prole shows an asymmetry between the peak intensities of the red and blue
-components, while the experimental line prole does not. The theoretical
asymmetry in peak intensities is attributable to the use of the electron impact
approximation. This aspect of the model will be improved in future work.
4 Global Analysis
Computational modeling of plasma regions with optically-thick lines depends
strongly on the line proles. Inclusion of magnetic broadening can have a no-
ticeable eect on radiation transport. This point will be demonstrated by com-
paring one-dimensional NLTE radiation transfer simulations with and without
magnetic eects.
4.1 Finite and Semi-Innite Slab Example
In order to quantify magnetic-line broadening eects on radiation transfer we
use a simple semi-innite slab with uniform plasma properties and study the
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Fig. 5. Ly line center source function approach to black-body. Black-body (solid
line), without magnetic eld (dashed line) and with magnetic eld (dotted line).
emergent intensity and the source function (S) of the slab. The source function
is given by:
S() =
2h3
c2
1
nlgu
nugl
− 1 = (1− )
J + B ; (4)
where nu and nl are the upper and lower excited state densities, respectively,
with statistical weights gu and gl, J is the mean intensity, B is the Planck
function and  it the probability that a line photon is destroyed by a colli-
sional process. Thus, S directly reflects the distribution of excited state atoms
and provides information about the internal radiation eld.[10,11] The plasma
conditions are: magnetic eld ~B = (6T)x^ ( = =2), Deuterium density
nD = 10
15cm−3 and electron (ion) temperature T = 1:2eV. Line proles calcu-
lated by Beline with and without a magnetic eld are presented in Fig. 4. The
prole in the absence of a magnetic eld reduces to a standard Voigt function.
In the innite optical depth limit, the source function and radiation inten-
sity both approach the Planck function. Fig. 5 presents the approach of the
source function to this limit, both with and without magnetic eld eects.
The magnetic eld broadens the line prole, allowing photons to penetrate
further into the slab before being absorbed and reemitted. Fig. 6 presents the
radiation intensity emerging from a slab of nite thickness T = 3:2cm, which
matches the thickness of the MARFE analysis presented in the next sub-
section. Integrating over the prole, the emergent brightness increases from
2:70106 [ergs/cm2/sec/ster] to 3:33106 [ergs/cm2/sec/ster] as the magnetic
eld is turned on, while the peak intensity decreases.
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Fig. 6. Radiation intensity escaping nite atmosphere of thickness T = 3:2cm. With-
out magnetic eld (dashed line) and with magnetic eld (dotted line). Solid line is
the intensity emerging from a semi-innite slab without magnetic eld eects.
4.2 Comparison with Experiment
To compare with experiment we return to the Alcator C-Mod MARFE used
in Local Analysis and restrict ourselves to a single time t = 0:50s. This global
analysis allows us to extend the local analysis from zero dimensions (cell) to
one dimension (slab) and from optically-thin to optically-thick plasmas. The
local D analysis showed that the MARFE is stationary, or in hydrodynamic
equilibrium. Moreover, due to the short excited state lifetime,  1 ns, the
D emission, which is constant for 1 ms, should be in radiative equilibrium.
These assumptions allow us to use xed input plasma property proles in
the radiative transfer code Cretin to study magnetic broadening eects on
radiation emerging from the plasma.
We are primarily interested in the emergent line radiation. Since we do not
have a good theoretical or computational understanding of the MARFE, we
make several assumptions about the plasma temperature and density proles.
This is consistent with our goal to demonstrate that magnetically-broadened
line proles are necessary for simulating the MARFE.
There are two distinct regions in the MARFE: a high-density, low-temperature
radiating region and a low-density, higher-temperature region. This is consis-
tent with previous theoretical work describing MARFE formation.[12] Justi-
cation for other prole features in Fig. 7 includes: width of radiating region
(L = 3:2cm) is estimated from CCD camera observations; Te = Ti = T is
assumed constant (T = 1:2eV) over domain of MARFE and then rapidly
increases,  R4, toward core plasma; T = 1:2eV optimizes emission from
MARFE; ion density ni = 2:41014cm−3 is taken as constant and set equal to
an edge-core boundary value; magnetic eld strength is standard and varies as
11
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Fig. 7. Cretin input system property proles used to simulate an Alcator C-Mod
MARFE. Deuterium density (solid line), ion density (dotted line), temperature
(dashed line) and magnetic eld (dash-dot line).
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Fig. 8. Numerical and experimental Balmer series lines for and Alcator C-Mod
MARFE. Experimental data (circle), Cretin without magnetic eld eects (triangle)
and Cretin using only Ly Beline line proles (solid square).
1=R; the Deuterium density, which seeks to dene radiating and non-radiating
regions, has a value of nD = 10
13cm−3 outside of MARFE and a variable
amount inside. The Deuterium density inside the MARFE was adjusted to
match the upper level Balmer series lines since these are known to be opti-
cally thin and are not likely to be influenced by molecular contributions. As
Fig. 8 shows, excellent agreement is obtained between simulation and exper-
iment without magnetic eld eects. Fig. 9 shows the nal density proles
obtained by Cretin. The ionization fraction has increased drastically in the
radiation region, with slight fallos close to the radiating boundaries.
The Lyman series lines, up to upper level PQN of 6, are optically thick, and the
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Fig. 9. Cretin nal density proles showing increased ionization away from the wall
for the Alcator C-Mod MARFE simulation: Deuterium density (solid line) and ion
density (dotted line).
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Fig. 10. Numerical and experimental Lyman series lines for and Alcator C-Mod
MARFE. Experimental data (circle), Cretin without magnetic eld eects (triangle)
and Cretin using only Ly Beline line proles (solid square).
Cretin simulation without magnetic eld eects does not match experimental
data (see Fig. 10). The intensity decreases much more quickly with PQN
for experiment than simulation. When the magnetic eld is included for the
Ly line only (see solid squares in Fig. 10), the decrease in intensity from
Ly to Ly becomes much steeper. It is quite plausible that extending the
magnetic eld eects to the other Lyman lines will improve the comparison
with the experimental data for the rst few lines since the relative eects
should decrease for the lower opacity upper series lines. However, at the present
time we have not included these eects for all the necessary lines. It is clear
that including the magnetic eld for a single line has a signicant eect on
the entire radiation spectrum, see the solid squares in Figs. 8 and 10. Other
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interesting aspects of including magnetic eld eects in the simulation include
a 76 percent in increase in the opacity (as calculated from D=Ly) and a
70 percent increase in Ly brightness, which is about three times more than
expected from our simple nite slab illustration.
5 Discussion
We have discussed the implementation of magnetic and electric eld broadened
lines and applied these to both local and global analysis. In a local analysis
the line proles were used to directly simulate emergent spectral features and
hence quantied system properties for a well dened emission region. This
computational analysis is valid provided the emission region is localized and
the system is optically thin. In a global analysis, the magnetic eld was found
to have a signicant eect on the emergent radiation in an optically thick
plasma. Both analysis methods were applied to an Alcator C-Mod MARFE.
In the local analysis section (Section 3), optically-thin Balmer lines were stud-
ied to identify line prole features which depend directly on the plasma prop-
erties. Odd PQN transitions, e.g., D, are useful for determining magnetic
eld strength (B) and even PQN transitions, e.g., D , are useful for deter-
mining electron density. Comparison with experimental line proles from the
local D MARFE analysis indicated that one needs to explore the electron
impact model used in the line proles computation.
In the global analysis section (Section 4), optically-thick Lyman lines were
studied to quantify magnetic eects on line radiation. In these plasmas, line
radiation is strongly dependent on magnetically-broadened line proles. Thus,
our understanding of the flow of radiation energy, which is related to our
understanding of the power balance in the plasma, is strongly depended on
magnetically-broadened line proles. Specically, turning on magnetic eects
for a single line (Ly) nearly doubled the amount of line radiation emerging
from the system for that line. And turning on the magnetic eld eects was
seen to aect emerging radiation in all other lines.
Future work in this area will seek to improve the theoretical line broadening by
removing or improving some of the approximations discussed in Section 2 and
extending the model to all elements. In addition, as this paper demonstrated
that computational modeling of emission spectra is necessary for plasma di-
agnostic applications, numerical techniques and algorithm optimizations for
magnetically-broadened line prole calculations will be investigated.
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